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Abstract 

We discuss some algebraic aspects of the integrable vector non-linear Schrodinger 
hierarchies (GNLS r ). These are hierarchies of zero-curvature equations constructed 
from affine Kac-Moody algebras sl r +i. Using the dressing transformation method and 
the tau-function formalism, we construct the N-soliton solutions of the GNLS r systems. 
The explicit matrix elements in the case of GNLSi are computed using level one vertex 
operator representations. 



1 Introduction 



It is well known that the 1 + 1- dimensional non-linear Schrodinger (NLS) equation is in- 
tegrable and possesses exact soliton solutions Jy]. It has been known that many soliton 
equations in 1 + 1 dimensions have integrable matrix generalizations, or more generally, 
integrable mult i- component generalizations. The most well-known example for the multi- 
component case is the vector NLS equation, first studied by Manakov 0. These type of 
equations and their higher-order generalizations find applications in non-linear optics (for a 
complete review of the most important references in the field see ||). The multi-soliton type 
solutions of these hierarchies can be obtained using diverse methods. For example, in |4| the 
vector NLS equation has been studied in the framework of the inverse scattering method, 
the bright and dark multi-soliton solutions and their collisions have been studied. 

One of the most fascinating applications of the Kac-Moody theory and its affine Lie 
algebras and their relevant groups is to exhibit hidden symmetries of soliton equations. 
According to the approach of || a common feature of integrable hierarchies presenting soliton 
solutions is the existence of some special "vacuum solutions" such that the Lax operators 
evaluated on them lie in some abelian subalgebra of the associated Kac-Moody algebra. The 
soliton type solutions are constructed out of those "vacuum solutions" through the so called 
dressing transformation procedure. These developments lead to a quite general definition 
of tau functions associated to the hierarchies, in terms of the so called "integrable highest 
weight representations" of the relevant Kac-Moody algebra. 

In this paper we obtain the multi-soliton solutions of the vector NLS equation using 
the dressing transformation method. We believe that the group theoretical point of view of 
finding the analitical results for the general case of iV-soliton interactions could facilitate the 
study of their properties; for example, the asymptotic behaviour of trains of iV solitonlike 
pulses with approximately equal amplitudes and velocities, as studied in f6j. The second 
point we shoul highlight relies upon the possible relevance of the NLS tau functions to its 
higher-order generalizations. We believe that the tau functions of the higher-order NLS 
generalization are related somehow to the basic tau functions of the usual (vector) NLS 
equations (this fact is observed for example in the case of the coupled NLS+DNLS system 
|0, U, in the second Ref. Hirota's method has been used). 

The plan is as follows. In section 2 we review the theory of the dressing transformations 
and the definition of the tau-function vectors. In section 3 we present the construction of the 
vector NLS equations (GNLS r ) associated to the homogeneous gradation of the Kac-Moody 
algebra sl r+ i, their relevant tau functions are defined and the construction of multiple-soliton 
solutions uotlined. In section 4 we present a detailed study of the GNLSi case; the first 
conserved charges are constructed in the context of this formalism and the explicit form of 
the iV-soliton solutions are presented. Finally, for the sake of completeness, we have included 
Kac-Moody algebra notations and conventions, as well as, its well known theory of integrable 
highest weight representations, and level one homogeneous vertex operator representations 
(see appendices [B], |C|). Some of the details regarding the matrix elements appear in the 
appendices 0, [E] and |F|. 



1 



2 Dressing Transformations 

Consider a non linear system which can be formulated in terms of a system of first-order 
differential equations 

£ N V =0, (2.1) 

where are Lax operators of the form 

C N = ^--A N (2.2) 

°t N 

and the variables are the various "times" of the hierarchy. 

Then, the equations of the hierarchy are equivalent to the integrability or zero curvature 
conditions of Q2.1|) , 

[Cn , C M ] = 0. (2.3) 
Therefore the Lax operators are of the form of a pure gauge 

A N = — vt' - \ (2.4) 

°t N 

The type of integrable hierarchy considered here is based on a Kac-Moody algebra g 
furnished with an integer gradation labelled by a vector s = (s , s\, s r ) of r + 1 non- 
negative co-prime integers such that 



9 = 9i(s) and [&(s) , g^s)) C g i+j (s). (2.5) 

The connections we consider are of the form 

i 

A N = J2 A N,i where A N>i e g^s). (2.6) 

i=0 

The "dressing transformations" are non local gauge transformations on An which main- 
tain their form and gradation |5|, [J. Each of these gauge transformations is made with the 
help of two group elements 6 + and 9_ , such that 

A N - A% = Q+AxQg 1 + d^Qg 1 (2.7) 



or 



A% = *ft*>(e ± »)-' (2.8) 



We have a residual gauge transformation in 

* -> (2.9) 
where h is a constant group element. Therefore we can impose 

6+* = 6_*/i (2.10) 
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or equivalently 



G_\& defines a new solution 



e -1 e+ = 1 



We admit a Gauss decomposition with respect to the gradation 



-i 



-i 



-i 



-i 



We choose (see (gUP ) 
and therefore ( 2.12|) can be written as 



-i 



-1 



(2.11) 
(2.12) 

(2.13) 

(2.14) 

(2.15) 



where we used ( |2.1U| ) and (|2.11 ). ^ h in ( |2.15| ) is also a solution of the linear problem ( |2.2| ). 
We shall consider solutions which belong to the orbits of the vacuum solutions. 
Define 



Therefore the dressing transformations generated by h becomes 



(2.16) 
(2.17) 

(2.18) 



Denote by | Aj > the state of highest weight of a fundamental representation such that 
Define the tau-function vector [H 



i = 0,l,...,r; 



Note that AT | A» >=| A» > and 

^(t ± )=5- 1 |A. J ) = |A J )^ 0) (t ± ) 
since | Aj > is an eigenstate of the sublagebra g Q (s). Then 



Si ^ 0. 



^fV) = (A | 



Using ( |2.19| ) we obtain 



ip) 



|A ) 



^(o) (t±) 



(2.19) 



(2.20) 



(2.21) 



(2.22) 



3 The r function and the N soliton solution for GNLS, 



The GNLS r model is constructed for example in ||10|| , where it was studied in the framework 
of the Zakharov-Shabat formalism and the context of hermitian symmetric spaces. In [|ll| an 
affine Lie algebraic foundation (loop algebra g ® C[A, A -1 ] of g) for GNLS r was given. Here 
instead we will consider the full Kac-Moody algebra sl(r + 1) with homogeneous gradation 



r— zeros 



s = (1,0,0,. ..,o), (3.1; 



and a semisimple element E®. 
The connections are given by 



Ai = A = + VfEff + £ %E% + uxC, (3.2) 
i=i i=i 



i=l i=l i=l 



E d^~E { \ - vtVTPi-n® - E *t*7* (A, ft) EfL Pi + u 2 C, (3.3) 

i=i i=i *,i=i 

where ^ff, z/^ and are the fields of the model. 
We have 

£ ,(, ) = 2 ^_ [£,^(01=^(0 (3.4) 

where /x r is a fundamental weight and a a are the simple roots of the sl(r + 1) algebra. The 
$ are the positive roots defined by 

/3j = on + a i+ i + ... + a r , with a| = 2, (3.5) 

and Hi being the generators of the cartan subalgebra in the Weyl-Cartan basis. We need 
also some relations in the Chevalley basis 

E = J^^oHWj, with U a = a a .H^ 



r 



\a=l 



fi r = ^— j7yfE aa «]' Pa-H = H a + ... + H r , a = l,...,r (3.6) 



\a=l 



- E (m) H (n)" 



77? 



r + 



a=l 
(m+n) 



± E^a U 



(m+n) 
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where 

r] ab = -^K ab = r] ba and K ab = 2 a ° ^ b ■ (3.7) 

The potentials are in the subspaces 

A x G &(s) + ft(s), A 2 G &(s) + ft(s) + g 2 (s) (3.8) 
The zero curvature condition [dt —B ,d x — A] =0 gives the following system of equations 

W = + 2 ^>+*7 j tfjf. (3.9) 

- d x u 2 = 0. 

The system of equations for the tyf fields in (|3.9|), supplied with a convenient complex- 
ification of the time variable and the fields, are related to the well known integrable vector 
non-linear Schrodinger equation (vector NLS) fi| [T2]|. 

Let us now study the vacuum solutions and dressing transformations. Let us note that 
= v \ = u 2 = is a solution of equations (|3.9|). Therefore from ( |3.3| ) we have the 
connections 

A (vac) ^ A(vac) = A (vac) _ ^ = ^ ^ ^ 

These connections can be obtained from A^j = <9 4jv \I , \E , ~ 1 from the group element 

VJ,Oc) = e xEW+tE&)+X^ (3-11) 

where 

+00 

X = ^2 tn,E^ n \ t n are real parameters. (3-12) 

n=3 

The connections in the vacuum orbit are given by 

a = e^^e: 1 + <^e_e: 1 (3.13) 

= M~ l NE {l) N~ l M - M~ x d x M + .\/ l d x NN L M, 



= M '.V/.' -.V L M - M~ x d t M + .1/ 'rA.V.V ; .U. 



(3.14) 



with 



0_ = exp V] er_ n J , M = exp (cr G ) , iV = exp ( ^ a n j (3.15) 

\n>0 / \n>0 / 
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In the present case the gradation operator is Q s = D with 

[D, a n ] = na n . 

We can relate the fields tyf, v\ and z/ 2 with some of the components of a 
A = + cr_i, E^' + terms of negative grade. 



M _1 - d x M.M~ l + d x aA M + terms of grade > 1 



+ 



+ 



1 r 



terms of negative grade 
= M" 1 (£< 2 > - dtM.M' 1 + dm + 8 t a 2 + [<7 X , S^]) M+ 
terms of grade > 2 
In ( |3.17|) the term of degree —1 must vanish and therefore 

1 
2 



+ 



c_9, E^ 



a 



-i,^ (1) ll=0, 



Denote (consistently with ( |3.17| )) 

--i = - E vfEk* + E *r^ } + E --iHi- 1 ), 



i=l 



i=l 



o=l 



a_ 2 = £ a^f + £ + £ a^H™, 

i=l j=l a=l 

and therefore from ( |3.20| ) we obtain 

d x a\ = j2*t*7, a,i = l,...r. 



i=i 



*3 



a _ 



1 



/ o=l \6=i / 

-^ + ^X>^(e^ 

Z o=l \6=i / 



Substitution of cr_x, ct_ 2 in ( |3.17|) and ( p,19|) we obtain 

1 



a, 6=1 



6 



V2 = 2 a -%6^-2" 



(3.23) 



a,b=l 



The o"_„ 's with the higher gradations are used to cancel out the undesired componentes. 
One of the tau-function vectors is given by 



r (x,t) = [^W)" 1 ] |A D > 

= e: 1 M- 1 |A ), 

where h is a particular constant element of sl(r + 1). 
Then we have 

exp f- £ <x_ n ) exp (-a ) |A > = [^h^- 1 ] |A C ) . 

V n>0 / 



(3.24) 
(3.25) 



(3.26) 



We want to express the fields tyf in terms of some tau functions, which are some matrix 
elements in a appropriate representation of sl(r + 1). 
We can write down 



°o = E -o a E^ + E °: a E { \ + E <h(°> + ^ 

a=l a=l a=l 



(3.27) 



or 



a = E ^ + E <C-/i + E + VC, (3.28) 

i=l i=l a=l 

where and (i = 0...r) are the generators in the Chevalley basis and { hi , D} generates 
the Cartan subalgebra. 

We have (see Appendix [A]) 



hi \X ) = 0, fi |A ) = 0, ei |A D ) = and C |A D ) = |A G ) 
Therefore the zero gradation of (|3.26|) is 



(o) 



exp(-a )|A ) = [tf( >fctf(°>- 

and the left hand side can be written as 

exp(-a ) |A ) = |A )f (o) (a;,*) 
with f ^ a real function given by the matrix element 



z = l,2,...r (3.29) 



(3.30) 



(x,t) = (A | 



^(0)^(0)- 



|A ). 



(3.31) 



(3.32) 



Then the term with grade (-1) in ( |3.26|) is 

^(0)/^(0)-l 



c-i |A ) 



(-i) 



|A ) 



f(°) (x, t) 



(3.33) 
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or 



E + E ■ + E iHi- 1} ) |A ) 



r-p(-l) 



i=l 



t=l 



a=l 



[*(0)^(0)-i] | Ao) 



f(°)(x,t) 

Using the commutation rules for the relevant Kac-Moody algebra elements we have 



(3.34) 



T 



(o) 



and 



where the tau functions are defined by 



"^(0)^(0)-l 
^(0)^(0)-!" 



f(°) ' 

(-i) 1 °> 

|A ). 

(-1) 1 D/ ■ 



and 



5 (o) 



(A | 



^(0)^(0)-! 



(o) 



|A ). 



(3.35) 

(3.36) 
(3.37) 

(3.38) 



(3.39) 



In order to obtain the first non trivial solutions of ( |3.9| ) let us consider 

+oo 

h = e aFj , = ^2 ^7 -"is ^ ' wnere an d a are re& l parameters. 

n=— oo 

with Fj being an eigenvector under the adjoint action of the generator E^ n \ that is 

xE w + tF (2) + X, Fj] = - \vj (x + Vj t) + Vj] Fj, (3.40) 



where 



E 

n=3 



denoting tpj = uj (x + Ujt) + Uj one can write 

"^(o)^(o)-ij = exp f e -Vj aFj \ 



(3.41) 



1 + e~^aF. 



J- 



where we have used the fact that Fj 1 = 0, for n > 2, that is, Fj are nilpotent (see Appendix 
H for more details) 

The tau function becomes 

T^ = (\ \(l + e-^aF 3 )\\ ) = l, 

since 

(X o \E^\X o )=0. 



For the tau function r + we have 



-+ 



(Aol 



= (Ao| 



exple^ .a E 



(-n) 

ft 



|A ) 



+0O 



E^e-n .a E i/?£7< 



ft 



|A >, 



J(o) 



as 



Now 



= and \X a ) = 0, it follows 

T? = 0. 



r i = ( X o\ 



+00 



|A ), 



J(o) 



if i 7^ j the last expression becomes 



then 



r i r = (\ o \E^,e-^.au J \\ o )=0, 



r- = a5 lJ e^.u ] (X \E^E^\\ ) 
the matrix element can be written as 



,a=l 



Then it follows 



t~ = Sij.a.Vj.e-w, 



and therefore we obtain the solution 



^+ = 0, *r = -Sij-a-uje-f'. 



We can also make the choice 



+00 



h = e b ' Gj , with Gj = E Pj-^ft ) Pi being a real parameter. 

ri=— 00 

with Gj a new eigenvector of the adjoint action of . 



x 



with 



E (i) + t£?( 2) + x ? G .] = ( x + p . t) + ^ G ^ 

+00 
= E z nP n j- 



n=3 



As in the previous case 



= exp(e^6G' j ) 



(3.42) 



= l + e r >'bG j) (3.43) 

where G™ = for n > 2. Denoting r]j = pj (x + pjt) +~pj, and performing a similar 
calculations as in the previous case, one gets 

f (o) = l, rr = and r+ = 5 ij .b.p j e v * , 

and therefore we have a new solution of the form 

*r = o, ^t = 5 iS .b. P ^. 

Consider now the product 

ft, = e a « F w e b « G « , j u j 2 = l,2,...r, 
where 

+oo +oo 

F h = v h E -pl> G n = £ P% E ^2 )] a hi h h real parameters. 

n=— oo n=— oo 

Let us note that and Gj 2 are associated to positive and negative roots respectively. 
Therefore 



(3.44) 



(3.45) 



^(0)/^(0)-l 



(l + e-^a n F n ){l + e^b n G n ) 

1 + e~^a h F h + e^b h G h + a h b h e~^e^F h G h , (3.46) 



with ipj 1 = Uj 1 (x + Vjj) + Vj x and r)j 2 = pj 2 (x + pj 2 t) + p,. The corresponding tau 
function are 



T ^ 14" ^ji,j 2 a jl^j'2^'jl,j2 e ' fijle 



Vj 2 



\ v h - Ph) 



rt = {\ \E%h n e^G 32 \\ ) 



(3.47) 
(3.48) 



and 



r i =ki2 a h v h e ( 3 - 49 ) 

In Appendix [D] we outline the form of the corresponding matrix elements. We therefore 
obtain 



1 + &j u na h b h C h j 2 e Wie^a 



* 5 J2 ^jl ^jl ^ ^ 1 



1 + 5 hd2 a h b j2 C h)j2 e fhe^a 



(3.50) 



If ji^jz in (|3.47|) we recover the solution ( 3.42| ) and ( 3.44 ). Therefore in order to have 
one-soliton solutions we must have j± = j% = % and therefore a solution of the system of 
equations (|3.9|) is 



1 + OibiCije-we* 



diVie 



1 + ciibiC^e-^e^ 



(3.51) 
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In order to study the iV-soliton solution consider the following group element 



where 



+00 +00 

Fn= E G n = £ P r4" n) ' l = h2,...N; i h j t = 1, 2, 



(3.52) 



where 



ai, bi, V\ and pi are real parameters. 



ipi = vi (x + vit) + ui , r)i = pi {x + pit) + pi , I = 1,2, ...,N. 



Then 



^(0)^(0) 



-1 



(l + e-^a x F h ) ... (l + e~^a N F iN ) (1 + e^b x G h ) ... 

(l + e^Gfj-J, (3.53) 



Using (|3.36|) , (|3.37|) and ( p.38|) we calculate the corresponding tau functions. Denoting 

A k = atvi.e- W , B n =b hPl e n ', (3.54) 

we have 

fW = (A | (*®h*W- 1 ) \X ) 



r W = 1 + 



(AoKE E K-AJK-^J E K-^ 

n=l l<«i<'2<...<i]v<JV l<fci<fc 2 <...<fc„<Af 

(G ifcl ...G i J}|A > (3.55) 



TV 

= 1 + E E Ci h .,4 ln j ki ...j^Ai h ...A iln B jki ...Bj kn , (3.56) 

n=l l<«i<«2<...<«n<A r , l<fcl<fc 2 <...<fc„<iV 

where the coefficients are given by the matrix elements 

Ci h ...ii n ,j kr ..j kn = (A | Fi h ...F iln Gj ki ...Gj kn \X ) , (3.57) 

Similarly 

rf = (A |4 1 ^(°)/ i *W- 1 |A ) 
II 



(A | 4^ (l + e-^ ai F h ) ... (l + e-*»a N F iN ) (1 + e^b x G h , 
(l + e^b N G jN )\X ), 



{3.51 



Therefore we obtain 

N-l 

t? = Y Y Ct , , , Ai, ...Ai, Bj. ...Bj. , (3.59) 

n=0 l<h<h<...<ln<N, l<k 1 <k 2 <...<k n+1 <N 



N-l 



n=0 l<h</2<---<«n+l<A r , l<fcl<fc2<...<fc„<iV 



with the matrix elements given by 



(3.61) 



Cr = (AjM^Fi, ...i* G ih ...G h \X ) . (3.62) 

The calculation of the corresponding matrix elements is outlined in Appendix [B|. 



4 The example of GNLSi 

The hierarchy GNLSi has a Lax operator 

L — d x — - tt+tff - *-^i 0) - vtC, 

where \P and are the fields of the model. 

The corresponding si (2) algebra in the Weyl Cartan basis is 



n 



—C5 m + n fi, 



= 2H^+nC5 m+nfi . 
The equations of the hierarchy are obtained as follows 



dL 



dt 



N 



[B N ,L] 



N>0 



where 



B N = (UHWir 1 )^ e C°° (K, g> (s)) 



(4.1) 



(4.2) 



A' 



Bn C 0& 
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with U being a group element obtained by exponentiating the negative degree elements 

U = exp ( 2 T ( ~ n) ) , [D, T (n) j = nT (n) . 



\n>l 



The first two £?tv are 

B x = H {1) + q + E { + ] + y-E W + U!C, (4.3) 

d^-E® + u 2 C : (4.4) 

and the first equations of the hierarchy are 

d tl L = [B X ,L] : 
dt^ = d x ^, (4.5) 
d tl vi = d x v x . 

and 

d t2 L = [B 2l L] : 

= ±3^ =f 2. * ± , (4.6) 

^ 2 z/i = (9 x Z/ 2 . 

The system of equations for the ^ fields in ( f4.6|) , supplied with a convenient complexifi- 
cation of the time variable and the fields, are related to the well known non-linear Schrodinger 



equation (NLS) [13], [14]]. The zero curvature condition for Bi and B N can be written as 

[d tlf -B N ,d s -B 1 ] = 0, N = l,2,... (4.7) 
where Bn has the general form 

AT-1 



^ = + £ B™, with B^ 6 C°° (R, p n ( Shom )). (4i 



n=0 

As 1 J r± = i/jv = is a solution of each system of equations of the hierarchy, we have 

B («*) = H (D i B ( ™ c) = H( N \ (4.9) 
such connections can be obtained with the help of B^ = <9f Ar \E , \E , ~ 1 from the group element 

* (mc) =exp +t N HW + ]T t n H^ ) = exp ( ]T t n H^ ) . (4.10) 

\ n=2,3,...n^iV / \n=l,2,... / 



Observe that according to ( |4.5| ) we have identified t\ = x. 
The connections in the vacuum orbit are given by 



B 1 = eH^e- 1 + d x ee~ 1 , (4.11) 
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Denote 



= ikT 1 (NH^N- 1 - d x MM~ x + d x NN-^ M, 

B N = QH^Q- 1 + d tN QQ~\ (4.12) 
= ikT 1 (nH^N" 1 - d tN MM~ l + d tN NN~ l ) M. 

e = exp($>_ n ), M = exp(a ), N = exp ( ]T a n J , (4.13) 

\n>0 / \n>0 ) 

[D, a n ] = na n , 

Therefore we can relate to some a n . For instance for N = 2 and denoting t 2 = t, we 
have 

[a-i,H^]+ terms of negative grade, (4-14) 
= M- 1 - <),..\l.\l : + d x <n) M + terms of grade > 1, 

B 2 = + [*- U H®] + [a^H^] + ±[*_ lt [<7_ l5 #< 2 )]]+ 

+ terms of negative grade. (4-15) 
= M" 1 (tf (2) - d t MM~ l + <Vi + d t <7 2 + <Vi]) M + terms of grade > 2. 



Let us observe that the next term (with degree —1) in ( 4.14 ) vanishes, and therefore we 
have 

d x a-! + [<7_ 2 ,tf (1) ] + i[<7_i, [(T-!,^]] = 0. (4.16) 



Denoting 



and 



<r_i = + ^-^fr 1 ) + a^H^ (4.17) 



a_ 2 = -al 2 £i~ 2) + al 2 £i _2) + cr°_ 2 H ( ~ 2 \ (4.18) 



from ( 4.1 6| ) we obtain 



d x a°_ x = 2.^ + y- (4.19) 
cr + _ 2 = -d x ^ + + (4.20) 

aZ 2 = -d x ^- + ^a°_^-. (4.21) 



Substituting these expressions for cr_i and <r_ 2 in ( |4.14j ) and ( |4. 1 5| ) we obtain ( fO| ) with 



^ = ^ = -a!, (4.22) 
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The cr_ n 's with higher grades are to cancel the undesired components. The term of 
gradation —2 in (|4. 14 ) satisfies [] 



where 



0*0-2 + [a^HM] + ~[<7_ 2 , [<7-i,F (1) ]] + \[<J- U [<r_ 2 , #«]] = 0, 



a_ 3 = a+ 3 E { + - 3) + o ,/•; :i + n",// 3 ). 



From Q4.23p we obtain 
Equating to zero the terms of degree (—1) and (—2) in (|4.15 ) we can obtain 



d x a°_ 2 = ^-d x ^ + - y + d x ^-. 



and 



From Q4.19Q and (|4.25| ) we obtain 
where F is a functional of the fields and TCi is the first Hamiltonian given by 



In the same way (|4.24 ) and ( |4.26| ) gives 

d t (^~d x ^ + - ^ + d x ^-) = d x G[W + , tf" 



(4.23) 



(4.24) 



(4.25) 



d t at 2 = [a .!) -2d x y + d x ^~ - - * + *~ + ^~d x ^ + - ^ + d x ^ . (4.26) 



(4.27) 



(4.28) 



where G is a functional of the fields and H.2 is the second Hamiltonian of GNLSi system 
given by 

(4.29) 



/+oo . 
dx. {^-d x m + - m + d x ^- 
-oo ^ 



In this way one can construct the remaining Hamiltonians of higher order corresponding 
to every cr° (n < —2). 

Let us define the tau- function vector 

r (x, t 2 , t 3 , ...) = ^ ac )h^ vac ^ 1 \\ Q ) , (4.30) 

= 0- 1 Af- 1 |A o ), (4.31) 
where h is a particular element of the group sl(2) which generates a dressing transformation. 
1 we use de"e~ <J = da + h 9a] + h \ a i l a i 9a]] + ■•■ 
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Therefore we have 



exp (- ]T <r_ n ) exp (-a Q ) |A > = ^(^^ac)-! |A ) , (4.32) 

V n>0 / 

and then one can write 

a = a° H + a+E^ + + V C, (4.33) 

or 

cr = cr°hi + er+ei + a~ fi + i]C, 

where we have used h% |A ) = 0, fi \X ) = and C |A ) = |A ) . In this way the zero 
gradation of expression (|4.32 ) is 



exp {-(t ) \\ ) = to^hX^- 1 ), ^ |A ) , (4.34) 

\ / (o) 

which can be rewritten as 

exp(-a )|A ) = |A )f(°) (x,t) 
where (x, t) is a function of x and the times t n given by the following matrix element 

fW (a;,t) = (AJ f*^)^^)- 1 ) |A G ) . (4.35) 

V / (o) 

The term with degree (—1) in (|4.32|) becomes 



f (°) (x, t) 



or 

-y+E^ + + ^i^) |A ) = — r . -fc^ - , (4.36) 

y (x, r) 



As #w |A ) = /i! |A ) = 0, [A > = we can write 

^ + = and = -^r. (4.37) 

f(°) f (°) 

where 

r + = (A | ^C^)^^)-^ _ i |A ) , (4.38) 



t~ = (A | (V^/i*^" 1 ) |A ) . (4.39) 



The relations (|4.35| ), ( |4.38|) and (|4.39|) define the tau-functions of the GNLSi system of 
equations 



In order to obtain the first non trivial solution we choose 



-oo 



h = e F , with F= Yl ViE { S n) . (4.40) 
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Since 



+00 

Ln=l 



/ +00 



tn^ij F, with z/i a real parameter, 



we may obtain 



with 



^1 = H ^1 ■ 

n=l 

Where we have used the property F n = 0, for n > 2. The tau functions become 

r^ = (X \(l + e~^E^)\X ) = l, 

r+ = (A o | J E;i 1) e^V lJ E;i- 1) |A o ) = 0, 



= u ie -^(X \(2H^ + c)\X ) 



Using ( J4.37 ) we obtain the following solution of the Eqs. 



Now let us choose 



^+ = e ^~ 



h = e G , G — ^2 P1E+ n \ Pi is a rea l parameter. 



-v\e 



-<pi 



Since 



we obtain 



+00 /+00 \ 

[£t n H^,G\= (T.tnPi )G, 

n=l \n=l / 



+00 

= 1 + e^G, with 77i = X>nPi, 



n=l 



where we used G n = 0, n > 2. Therefore the tau functions become 

f(°) = (A |(l+e" 1 4 0) ) |A ) = 1, 
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r- = (A o |(4 1) e>i4 _1) ) (o) l A o) = 0, 



r + = {\ \E { l ) e r '-p 1 E { -^\\ )= Pl e 
and the corresponding solutions 

tf~ = and V + = p 1 e r > 1 . (4.51) 

In order to obtain one-sohton solutions, let us choose 



o'/l 



h = e aF e bG , where F and G are given in (4.40) and ( |4.48| ) (4-52) 
with a and b real parameters. 

Then 

^W^w-i = exp (e^aF) exp (e^&G) (4.53) 
= l + e^aF + e r 'bG + e~ lp e T1 aFbG, (4.54) 

with cp = J2n=i tnV n and r\ = J2n=i tn,p n - t^. Let us compute the relevant tau functions. 
The expression for becomes 

f(°) = l + a&ce-V, (4.55) 
where c is an matrix element of the following form 

c = (\ \(FG) {0) \\ ) 

(+oo \ 
n,m>0 J (o) 

+oo 

= (a | e ^vr(-2iy (n - m) +m5 n _ m)0 c)^|A ) 

^ / (o) 



n,m>0 

Pi 



E" 7 



n=0 



^1 



T - (4.56) 
(Pi - 

where, for pedagogical reasons, we have used step by step, the properties of the integrable 
highest weight representation of the algebra si (2), see Appendix [A| (Eqs. (|A.31|) - (|A.37|) ). 



The computation of higher order matrix elements is performed very quickly using the vertex 
operator formalism, see Appendix |E]. 

The remaining tau functions are given by 



(X \E W (be r >p 1 E{- 1) )\\ ) 
be r >p 1 (X \E m (-2HV) + C) |A ) 



b Pl e n (4.57) 
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and 



(A |4 X) {a.e-fvxE^) \X ) 



Thus, a one-soliton solution is 



and 



a. vie 



bpie r * 



1 + abce-fev 



(4.58) 
(4.59) 
(4.60) 

l + a&ce-^e'? 

Let us write down the explicit form of this one-soliton solution. As a particular case we 
set the following relations 



a Vie 



Pi = —vi, b = —a = —2 and t 2n+ i =0 (n > 0), 
then the relations (f4.59|) and ( |4.60| ) become 

= Vi exp (v\t + Vi^j sech (vix) 

and 

= —v\ exp \ —v\t — vi) sech (i^x) , 



(4.61) 



(4.62) 



(4.63) 



where T7 X = J2n=2 u i n t2n is a phase parameter as far as only the equation (|4.6j ) of the whole 
hierarchy is considered. The solutions of types ( [4.62[ ) and ( ^4.63| ), are known as an 'envelope 
soliton' or 'bright soliton' solutions in the context of the non-linear Schrodinger equation 

Next let us choose 



h 

with Fj 



e aiFl e a2F2 e blGl e b2G \ a h b h v h p { real parameters; 



v?E ( S n) andG 4 = £ p?E. 



(-») 



1,2. 



(4.64) 



Then 



^M^M-i = i + e -^ ai Fi + e~ V2 a 2 F 2 + e m b x G x + e m b 2 G 2 + 
e r)1 e r)2 b x G x b 2 G 2 + e~* x e"*" 1 a x F x a 2 F 2 + e" pl e m a x F x b x G x + e~* x e™ a x F x b 2 G 2 + 
e -^e m a 2 F 2 b 2 G 2 + e^ e -^b x G x a 2 F 2 + e^e~^e^b x G x a 2 F 2 b 2 G 2 + 
e ~^ e - V2 e m aiFia 2 F 2 b 2 G 2 + e-^e^e-^a x F x b x G x a 2 F 2 + 
e - vl e J?1 e ?72 ai J Pi6iG'i62G'2 + e- vl e m e- V2 e m a x F x b x G x a 2 F 2 b 2 G 2 , 



(4.65) 



with 



n=l 



n=l 



1,2. 
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The corresponding tau functions are 

f(°) = 1 + eT^ai&i (A | F 1 G 1 |A ) + e^e" 2 ^ (A | F 1 G 2 |A ) + 
e-^e" 2 a 2 6 2 (A | F 2 G 2 |A ) + e^e^M, (A | |A ) + 

e-^e^e-^e^aifeiOafea (A | F 1 G 1 F 2 G 2 |A ) , (4.66) 



e^fei (A | Ei 1J Gi |A ) + e" 2 & 2 (A | £i 1] G 2 |A ) + 
e-^e^ai&i&a (A | E^F^G? |A ) + 

e" 1 e-^e" 2 6 1 a 2 6 2 (A | E {1) G 1 F 2 G 2 |A ) (4.67) 



and 



r" = e-^a 1 (A | J Ei 1) F 1 |A ) + e- V2 a 2 (A |4 1) ^|A ) + 
e-^e-^e^aiazfta (A | F X F 2 G 2 |A ) + 

e -vi e ^ e -V2 ai&ia2 ^ Ao | e^F^^ |A ) . (4.68) 

Notice that only some terms of the expansion \I>( mc ) /?,*!> ( mc ) _1 contribute to the tau functions. 
For example the terms (A Q | Fj |A D ) , (A | Gj |A ) , (A G | FiGjF k |A ) and (A | GiFjGk |A Q ) do not 
contribute to the computation of f^°\ since these matrix elements vanish. 
In particular let us consider p { = —v iy b { = —a, = —2 and t 2n +i = 0, then 

r + = a x v x tP x + a 2 z/ 2 e^ 2 + ai^A^ 1 e"^ 2 e^ 2 + a^^e-^e^ 2 , (4.69) 
r - = ai z/ ie -^ + a 2 v 2 e-^ + cua^e^e"^ 2 + a^aaAae-^e^e"^, (4.70) 



where 



4 V z/i + v 2 
now let us choose a x and a 2 such that 



(pi = -Vi (x - P{t) + v h (4.71) 
ifi = Ui(x + Uit) +Vi, (4.72) 

A,:=*(^V, i = l,2; 



^ = a^A i; (i 7^ j) . 

- v 2 



3 

then 

ai = a 2 = a = 2 

Let us remark that the parameters I7j are some phase parameters if only the equations 
of the hierarchy are to be considered. With this choice of parameters the function turns 
out to be 

4 



;p(°) _ g-(^i+^2)^| ^ e (u 1 -v 2 )x _|_ e -(i/i-i/ 2 )x^ _|_ e (v 1 +v 2 )x _|_ g-(i/l+i/2)x _|_ 



(z/ x - u 2 y 
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Therefore the fields \l/ + and \I/ become 

^± = ±ae ±[(^+^ 2 )t+(77 1+ 77 2 )]_ 

e T (^ +Fl )z/ 2 cosh fax) + e T (^ t+F2 )z/ 1 cosh fax) 

£ cosh [fa - v 2 ) x\ + cosh [fa + v 2 ) x] + cosh [(^ - v\) t + fa - V 2 )} 

which are the two-soliton solutions of ( }4.6| ) or the two-soliton solutions (after relevant com- 
plexification) of the corresponding non-linear Schrodinger equation . 

Regarding the solutions of the equations of higher order of the hierarchy fl4.7D , we may 
argue that the same solutions, 1-soliton (|4.59|) - (|4~60|) and 2-soliton constructed with the tau 



(4.74) 



functions ( 4.66|) , ( 4.67|) and (|4.68|) satisfying Q4.6Q should satisfy the higher order equations 



of the hierarchy GNLSi, each equation with its corresponding time scale t n . This behaviour is 
also observed in the study of the KdV system using the perturvative reduction and multiple 
time scaling approach [FT! 



4.1 N-soliton solutions 

The generalization for a N-soliton solution can be made choosing 

h = e aiFl ...e ajvFjv e blGl ... e 6ivGjv , (4.75) 

where 

+oo +oo 

F % = £ < E - n \ G i= £ P 7E { + n \ i = 1,2,..., N (4.76) 

n=— oo n=— oo 

with di, hi, Vi and pi are real parameters . (4.77) 

The following expression plays an important role in the construction af the tau functions 

$ H^H-i = (l + aie-^Fi) (1 + he^d) ... (l + a N e~ VN F N ) (1 + b N e m G N ) , 

(4.78) 

where 

Pi = XX*n, Vi = Y.P? t m i = l,2,...,N; 

n=l n=l 

the parameters Vi and pi will characterize each soliton. 

It will be convenient to write the various Fi and Gi in terms of the vertex operators (see 
Appendix 0) 

Fi — > fa) , Gi — ► Pi T + fa) , (4.79) 

then 

$ (H^K)-i = (l + a 1 v 1 e^ i r_ (i/ x )) (1 + 6ip 1 e" i r + ( Pl )) ... 



1 + ajv^jve-^r. {u N )) (1 + 6 Jv pj V e ??Jv r + ( Pjv )) . 



Denoting 

A n = a n v n e </3n , B n = bnPne 11 " 
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we may compute the relevant tau functions 



JV 

r {o) = 1 + (A | E 



n=l 



E A h ...A in r„ (v h ) ...i- (//„/) E %-%r + ( P ,j ...r |a ) . 

i<n<i 2 <...<jn<A f i<ii<i2<---<jn<A r 

We are using some properties of the product of vertex operators acting on |A G ) and its 
dual (A | (see Appendix |B| and |TJ). Then 



JV 



T 



W = 1 + E E • (4-80) 

71=1 l<j 1 <i 2 <...<i, l <V, l<il<J2<...<jn<V 

[ II K ~ U imf (Pjl - PjJ 2 C K> «<m) 6 («JP «im)] ' ( 4 ' 81 ) 



l</<m<n 

\2 



Denoting 



l<l<m<n 



e [ a iv a i m > = e -«J = e (- -J 



and using the properties of the cocycles in the case of sl(2) JT8| 



we can write 



T 



and 



e(+,+) = e (-,-) = -l, (4.83) 
e(+,-) = e (-,+) = !, (4.84) 



JV 

W = 1 + E E 4.A%-^' ( 4 -85) 

n=l l<ii<i 2 <...<in<V, l<ji<j2<-<jn<N 

[ n K-o 2 (^-Pij 2 ][ n K-PiJT 1 (4.86) 

l<i<m<n l<Z<m<n 



^- y cfc.* (A G | T T (z) (l + an/ ie -^r_ (z/x)) (1 + b lPl e^r + ( Pl )) ■ • ■ (4.87) 
(l + awe-fT- K)) (1 + b N p N e™T + (p N )) |A ) . (4.88) 



According to Eq |C.15| , in order to have non vanishing terms, we must have equal number of 



operators T + and T_ inside the states (A G | and |A D ), then 

j> dz.z E Af\..A^B^...B^ (A | T T (2) T? 1 (z/i) ...r^ K) ■ (4.89) 



27TZ „ n=1 



r^ 1 (pO -rr (Piv) |A ) , (4.90) 
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where the exponents satisfy the following relations 



N N 

E™i±l = Y, n i = n ( 4 - 91 ) 

i=l i=l 

rm,ni = 0,1. (4.92) 



Reordering the operators we may write 



1 r 7V " 1 

^ + = TT-fdu.uY, E A n ...A ln B n ...B Jn+1 (4.93) 

Z7Vt - 7 n =0 l<ii<i 2 <...<i„<iV, l<ji<j 2 <...<j n +i<N 



(A | r (u) r_ ( Vil ) ...r_ K) r + ( P ,j ...r + ( P , n+1 j |A ) , (4.94) 

E fdu.p( II e(-a,« ii )(^-^) 2 V-95) 

Z7r< n=0 l<j 1 <i 2 <...<j„<A r l<ii<i 2 <-<jn+i<A r \0<Kn / 

II e (-«, %J (i/ - p jV J 2 ) (4-96) 

\0<m<n+l J 

JJ e (a*,, aO (^ - z/ im ) 2 ■ J] e ( a ip a iJ (Pii _ Pjmf ( 4 - 97 ) 

\0<Z<m<n / \0<l<m<n+l / 

II eK.aJK-ftJ 2 ) • (4-98) 

v l<Z<m<ra+l, Z^n+l / 

In Appendix [F] we show that the contour integration in the variable v is equal to 27ri for 
any value of n. Then, 

AT-l / 

r+ = E E A h--A in B jl ...B jn+1 I H e(a il ,a im )(u il -Vi m f 

n=0 l<ji<i 2 <...<«„<V, l<ii<J2<...<jn+i<A r \l<l<m<n 



( n 



e (otj,, oi jm ) (p jt - p jm ) • II e(-a,a i; ; 

\l</<m<n+l / \0<Z<n 

IJ eia^atjj {y k - p jm f\ JJ e (~ a ' a iJ 

\l<J<m<n+l / \0<m<n+l 



Likewise we have 

N-l 



1 / 

2 - / E E 

(A | r + (p) r + (pij ...r + ( Pin ) r_ (^j ...r_ (^„ +1 ) |A G ) 



Bi x ... Bi n Aj 1 . . . Aj n+1 . 



1 N ~ l r I 

^E E fdp-p[ II e (p-PuY 

n =0 l<i 1 <i 2 <...<i n <N, l<j 1 <j 2 <...<j n+1 <N J \0</<n 
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-1 

II 6 («» «im) (P - Kjm) 2 ] S il-- B i»^il-^ +1 
K 0<m<n+1 

II C K > O (Pil ~ Pi J 2 ] • ( II 6 «im) K - fir. 

K l<«<m<n / \l</<m<n+l 

-1 

n e («ip«j m ) (Pi, - ^j 2 

v l<Z<m<n+l,J^n+l 

the contour integration in p is also equal to 2m ( see Appendix |F|) for any value of n. 
Therefore 

JV-l / 
n=0 l<i 1 <i 2 <...<i n <N,l<j 1 <j 2 <--.<j n +i<N \l<l<m<n 

II 6 "im) K - ^im) 2 II 6 («' 

.l<Z<m<n.+l / \0<«<n 



-1 

\2 



,l<Km<n+l / \o<m<n.+l 



Similar expressions were found by Kac and Wakimoto |19| in the context of their gener- 
alized Hirota equations approach. 
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A Appendix: The "untwisted" Kac-Moody algebras 
and their integrable highest-weight representations 

We present the necessary Kac-Moody algebra notations and conventions used to construct 
integrable models, as well as, the theory of the so called "highest weight integrable represen- 
tations" which are useful in the construction of their soliton solutions. A complete treatment 
can be found in ]T3|, PU| . 

An "untwisted" Kac-Moody algebra g affine to a finite Lie algebra g can be realized as 
an extension of the "loop algebra" of g: 

g — (g ®C[z, 2T 1 ]) © CC © CD, (A.l) 
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where C[z, z~ x \ is the algebra of Laurent Polynomials in z and Cx (x — C, D) is a 1 dimen- 
sional subspace. Writing an element of the loop algebra as a n = (a <8> z m ) , where a G g and 
n G Z, then the algebra can be written as 

[a n , b m ] = [a, b} n+m + 5 m+nfi {a, b) mC, 

[D,a n ] = na n (A. 2) 

[D, D] = [C, D] = [C, C] = [C, a n ] = 0, (A.3) 

where (a, b) is the Killing form of g and [a, b] is the Lie bracket in g. C is the central element 
of g, and D is a derivative operator which induces a natural integer gradation of g 

g = ft, 

iez 

where [-D, ft] = iJ^. The operator D defines the so called "homogeneous gradation". 

Here let us point out that there is a natural Heisenberg subalgebra of g. Introducing a 
triangular decomposition of the finite algebra g = n_©/i©n + , one can define an homogeneous 
Heisenberg algebra as an algebra composed of the elements {h <g> z n , C} such that 

[a n , bm] = <Wn,o ( a ? b) mC. 
In the Cartan-Weyl basis the commutation relations are given as 

[H?,H?]=mC6 ij 6 m ,- n , (A.4) 

[Hr,E2}=a l E™ +n , (A.5) 

f s(a, [3)E™+™ , if a + (3 is a root 

^« • ^ m+n + Cm5 m+n>0 , if a + (3 = (A.6) 
[ , in other case 

[C,EZ] = [C,H?]=0 (A.7) 

[D,E2}=nE2, iD,H?}=nH?. (A.8) 

In this case the Cartan subalgebra is formed by the generators {H^°\ C, D} and the step 
operators are: 

- E™ associated to the roots a = (a, 0, n) , where a belongs to the set of roots of g and n are 
integers, 

- if™ associated to the roots n5 = (0, 0, n) with n^O. 

The positive roots are (a, 0, n) for n > or n = and a > 0, and among them the simple 
roots being Oj = (ctj, 0, 0) , i — 1, ...r, and a G = (— ^, 0, 1) with ■?/> the maximal root of g. 
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The representation theory of the Kac-Moody algebra in terms of vertex operators usually 



make use of the Cartan-Weyl basis |L8[], see Appendix [FJ. Instead, to construct the so 
called "integrable highest weight representations" |L3], |20[ of the "untwisted" affine Kac- 
Moody algebra we will need the Chevalley basis commutation relations (the notations and 



presentation here follow closely the Appendix of fl2T| ) 



[H?, Hi] = mC Vab 5, 



m+n,0 



m+n 
a 



6=1 



a=l 



(q + 1) e(a, P)EZ+p', se a + (3 e uma raiz 
[C, E™] = [C, HZ) = 
[D, El] = nE%, [D, K) = nW a . 



(A.9) 
(A.10) 

(A.11) 

(A.12) 
(A.13) 
(A. 14) 



where K ab = 2a a ■ a b ja\ is the Cartan matrix of the finite simple Lie algebra g associated 
to g and generated by {H®,E®}. g ab = -\K ab = g ba , q is the highest positive integer such 
that (3 — qa is a root, e(a,/3) are (±) signs determined by the Jacobi identities, Z° and 
are the integers in the expansion a/a 2 = ^^ =1 I^a a /Q^ and a = YJ a =i m a a a respectively, 
where a\, a r are the simple roots of g (r = rank of g). g has a symmetric non-degenerate 
bilinear form which can be normalized as 

Tr(HZH2)= Vab 5 m+nt0 
2 



Tr ( E^Ep 



cr 



Tr (CD) = 1. 



The integer gradations of g 



9 



®9n 

neZ 



have been presented in |fL3| . The gradation operator Q s satisfying 

[Q s ,9n] = ng n ; neZ, 

is defined by 

Q S = H S + N S D + aC, H S = J2 *aK " H ° = - H l 

a=l 



(A.15) 



(A.16) 



where (s , s 1; s r ) is a n— tuple of non-negative co-prime integers, and = 2X a /a 2 with 
A a and a a being the fundamental weights and the simple roots of g respectively. Moreover, 



N x 



i> — 1 



(A.17) 



i=0 



o=l 
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with ijj being the maximal root of g. The value of a is arbitrary. Therefore 

[Q s , W a ] = nN s IT a 

[Q s ,E2}=(^m a a s a + nN)jE2. 
The positive and negative "step operators" of g associated to the simple roots are: 



e. 



a = E° aa , e = E^, f a = E°_ aa e f a = E?, (A.18) 



and its Cartan subalgebra generated by 



h a = H° a , ho = -j2liH° a + ^C e D, (A.19) 

a=l 



with If given above; then they satisfy 

[Q a ,hi] = [Q S ,D] = 0; [Q s , ej = s^; [Q s , ft] = - Si fa t = 0,l,...,r. (A.20) 

An important class of representations of the Kac- Moody algebra are the so called "inte- 
grable highest- weight representations" They are defined in terms of a highest weight 

| A s ) labelled by the gradation s of g. That state is annihilated by the positive grade generators 

9+ |A S ) = 0, (A.21) 

and it is an eigenstate of the generators of the subalgebra g Q 

hi\\ s ) = Si \\ s ) (A.22) 

fi |A S ) = 0; for any i with Sj = (A. 23) 

Qs\K) =Vs\K) (A.24) 

C| A s) = y(e^)|A s ), (A.25) 



where if is given by 



3 = tO <o*= L < A - 26 ) 

V 0=1 "a 



The eigenvalue of the central element C in the representation |A S ) , is known as the level of 
the representation 

c= y(e#*)> ( a - 27 ) 

in particular, the "highest-weight integrable representations" with c = 1 are known as "basic 
representations" . 

The states of highest weight |A S ) can be realized as 
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I A s ) 



i=0 



A, 



(A.28) 



where 



Aj) are the highest states of the fundamental representations of g, and A, are the 



relevant fundamental weights of g, . They are given by [18] 

Ao= (0,^,0) 



(A.29) 



A„ 



A„ 







(A.30) 



where A Q , a = l,2...,r are the fundamental weights of the finite Lie algebra g associated to 
g, If is defined in |A.26| , and the corresponding components are the eigenvalues of tP a1 C and 
D respectively, viz. 



X, 



Ar 



■>a,b 



0; C 



A, 



C 



X 



A 
2 a 



A, 



and 



D 



0. 



(A.31) 
(A.32) 

(A.33) 



Let us notice that in each of the r + 1 fundamental representations of g, the (unique) highest 
weight state satisfies 



fj 
ft 



X 
Xi 
A 



Xi 



I.I 

0, Vj 

0, for j 7^ i 
0. 



(A.34) 
(A.35) 
(A.36) 
(A.37) 



Then the generators e« and fi are nilpotent when acting on |A S ) , and these are indeed, 
integrable representations. 



B The construction of the homogeneous vertex opera- 
tors 

The construction of vertex operator representations of Kac-Moody algebras can be found in 
r3| . [52] ] . The construction of the homogeneous vertex operators is based on the homogeneous 



Heisenberg subalgebrah. Here we follow the construction developed in |T 
Consider 



h0 (®CE a ), (b.i; 

WA / 
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g being a simple finite Lie algebra of type A\,D\ or Ei, whose commutation relations are 
given by 

[h,h']=0, Hh, h'eh (B.2) 

[h, E a ] = (h\a)E a , ifh eh, a G A (B.3) 

[E a , E- a ] = —a, if a G A 

[E a ,Ep} = 0, if a, pe A, a + ^AU{0} 

[E a ,E /3 \=£{a,(3)E a+p , if a, (3, a + (5 G A, 

where A = {a G Q/(a \ a) = 2} and Q is the root lattice; ( | ) is the invariant symmetric 
form of g, normalized as follows: 

(h | E a ) = 0, if h G h, ae A; (E a , E p ) = -<?«,_/?, if a, (3 G A. 

Let 

£ = C [t.r 1 ] ® c + CC + GD, (B.4) 

be an affine algebra of type A^ 1 , or E^ , respectively. 
Consider the complex commutative associative algebra 

V = S (®Jf ® h ) j ®c C [Q] , (B.5) 

where S stands for the symmetric algebra and C [Q] stands for the group algebra of the root 
lattice Q C h of g. Let a — > e a denote the inclusion Q C C [Q](a base of the vector space 
C [Q] is given by the elements e a , a G Q, and, it is defined the twisted product of the group 
algebra elements, e a e 13 = e (a, (3) e a+>3 p3|); will stand for t n ® u (n G Z, w G g). For 



ji > 0, ii 6 h, denote by w (— n) the operator on V of multiplication by w n ^ . For n > 0, 
ti G h, denote by u (n) the derivation of the algebra V defined by the formula 

u{n) (y { - m) ® e a ) = n5 n _ m (w | u) ® e a + 5 n , (a | u) w ( ~ m) ® e a (B.6) 
Choosing dual bases Ui and u % of h, define the operator D a on V by the formula 

A, = £ (k(O)^(O) + 5>,(-nKH j . (B.7) 

i=l \^ n>l / 

Furthermore, for a £ Q, define the sign operator c a : 

c Q (/®e^) = e(a,{3)f®e p . (B.8) 
Finaly, for a G A C Q introduce the vertex operator 

T Q (z) = exp J exp ( -£ — a(j) ] e a z a ^c a , (B.9) 
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here z is viewed as an indeterminate. Expanding in powers of z: 

T a (z) = j:^z^-\ (B. 
jez 

we obtain a sequence of operators on V. Now we can state the result. 
Theorem: The map a : g — > E'nrf ( V) defined by 

C — 1, 
u (n) — > u ( n ) ? for u G h, n G Z, 

— ► r L n) ; for a G A, n G Z, 
£ — > -A,, (B. 



defines the basic representation of the afline algebra g on V . End (V) denotes the space 
the linear maps of an vector space V on itself. 



The proof of this theorem is presented in [13 



C Homogeneous vertex operator calculus 



Defining 



i>i ^ 

the following relations can be obtained: 



1^) = exp£ r°(z) = eV*^, 



r-(^)r+(z 2 ) = r+(^ 2 )r-(^) 1 



£2 



(a|/9) 



and 



r°(^)r°(^ 2 ) = e^z^z^z[ aW c a c p s(a,(3) 

where (1 — f-J , m G Z, with | ^ | < 1. 
From (^J) and O it follows 



^a(zi)TB(z 2 ) 



1 Zi 'e(a, (3) exp 



2-1 



i>i 



exp 



E-(^«0') + ^W) 



e^z^z^c^. 



If 2 = z\ = Z2 and a = (3, from (U.4) we can obtain 

TJz)TJz) = 0, 



or 



[T a (z)} n = 0, for n>2. 



(C 

(C 
(C 



(C 



(C 
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Aoti\oij) 



A useful formula 

T aN (z N )T aN _ 1 (z N _ 1 )...T ai (zi) (1 ® 1) = ]J £{ai,oij) fa - 

l<i<j<N 

n ex p z ~ ) ® ex p fe «< ) 

v i=l jeN / \i=l / 

Proof: We will prove by induction 
for iV = 1 

r a (zi) (1 ® 1) = exp J] 4a(-j) exp - £ ^(j)^ )^ 
we have the following relations: 



c a (1 (g> 1) = e(ot, 0)1 <8> 1, consider the convention: e(a, 0) = 1 
= 1®1 



zf 0) (l®l) = 1 ® (e ln2ia(0) ) 1 
= 1®1. 



where we used 



e a (l® 1) =e a (l(g)e a ) = 1 ® e a 

From ( |B.6| ) we have 

u(n) (V 0) ® e a ) = u(n) (1 ® e a ) = n5 n , (« | v) ® e a + 5 nfi (a \ u) v {0) ® e Q 
then for (n > 0) 



u(n) (1® 1) = 0. 



Therefore 



z ~3 

exp-^^-a(j)(l®e c 
j>i 



i>i ^ 

l®e°. 



Besides we can write 



exp £ 4a(-j) (1 ® e Q ) = £ ^a(-j) ® e<\ 



thus 



^(zi) (1(8)1) = (exp^4ai(-i) J ®e 
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which is equal to the equation ( |C(j| ) for iV = 1. 

Now, let us assume that ( |C.6| ) is true for a given N, and we will write ( |C.6| ) as 



T aN (z N )T aN _ 1 (z N _ 1 )...T al (z 1 ) (1 <S> I) = ]J e(a h a j )(z i - z,j 

l<i<j<N 



N J \ / N 

6 A 



J] exp £ exp (18 1)- (C14) 



Multiplying (|C31 by r a „ +1 (zjv+i) and using the relations Q(T2|) , flCp and (jCTTD-fld^) 



many times, we can write 



r aN+1 (z N+1 )T aN (z N )...r al (z 1 )(l®l) = J[ e(a u a j )(z i - Zj) 

l<i<j<N 



(aci\aj) 



II e{a k ,a N+1 ) {z k - z N+1 ) {aklaN+l) ■ (exp £ **Bi aN+1 (-j) ) e a ^- 

l<k<N+l \ jgN 3 

N z j \ /N \ 

J] exp £ 4ai(-i) exp £ a» (1 ® 1) 

j=l jGN / \i=l / 

(N+l z 3 

= Y[ e(a h a j ) (z { - J| exp ^ — a^-j) 

l<i<i<iV+l \i=l jeN J 

/N+l \ 

exp I otij (1® 1) 

/7V+1 \ /N+l \ 

= ]J e(ai, aty) - ^) (ai|Qj) J] exp ^ — aj(-j) <g> exp j ^ a, , 

l<i<j<N+l \i=l jeN / \i=l / 

which is exactly the expression ( |C.6|) written for iV + 1. This way the equation (|C.6| ) is 
proved. 

Moreover, making the correspondence 

|A G ) < — > 1®1, 

where |A G ) denotes a highest weight state of a fundamental representation, we can write 

(^iv)r ajv _ 1 (2;jv-i)"-r ai (2; 1 ) |A G ) - 



0, ifEilia^O (( , ir)) 
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where we have used the fact that 



(A | exp — a i(~j) = ( X o\ 1 + E 4 a i(-i) + - 

= (Ao|, 



and 

(A Q |exp = 



vi=l 



0, ifEf=i«^0 
(A |, ifE£i«i = 



D Matrix elements using a vertex operator represen- 
tation of the algebra sl r+ i 

Consider the correspondence 

d — > piTfr fa) . 

then we can write 

^i l ...i h , 0k x -3k„ = v^o\ Fi ll -..Fi ln Gj ki ...Gj hn \X ) 

= j>n : -p.H.. (A |r_ ft;i (u iti ) ...r_ Ain (v iln ) r %i ( Pifc J ...r^ n |A ) 



Ka<b<n 



l<a<6<n 

where we have used equation (|C.15| ). 

c ti h ...i ln ,j kl ...j kn+1 = (^o\E^p.F ih ...F iln G jki ...G jkn+i |A ) 

(A | r_ ft (z/) r_ ft;i (^J ...v^ Hn (v kn ) i> -i> ( PJkn+1 ) \x a ) 
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= J) dv.vvi. ...Vi, Da, ...p, 

2ni J h ln 3hl Jkn+1 i 

{ n e (-ft,-ftj(^-^„) (ftlftJ n e (-ft,ftj(-ft.j" (ftl ** i) 

0<a<n 0<fe<n+l 

n ^K-a)K-s)^^ n ^^J- 

0<a<6<ra 0<o<b<n+l 



0<a<b<n, 

In the last relation we have written the following contour integration: 

,4 /to M±^!^^ (D ,) 
2,11 no< 1£ „ + i £ (-ft, ft,,) (- - ft J ^'" J *^ 

Likewise we have 

C ^...il n+1 ,ijk 1 -3k n = ( X o\ E fc F il 1 --- F il n+1 G 3k 1 --- G 3k n 

(A G | r ft ( P ) r_ ft;i (^J ...r_ ftwi (^ n+i ) i>, fci ( Pjki ) ...r^ ( PJfc j |a g ) 

{ n ^MO(p-PiO (AlftJ n <U-Ok-0 (i °- 

0<a<n 0<fe<n+l 



0<a<6<n 0<a<6<n+l 



K-%)" (ftJA ' i) }/{ n ^-ft-ftOK-^)^" 1 *^}- < D - 4 > 



0<a<b<n, fe^n+l 

This time the relevant contour integration becomes 



r 1 n < a < ra e(A,-^J(p-p Jfca ) (ftl%J 

h = — f dp.p ^ / . (D.5) 

n <fe<n+i e (A, A, J (P - %J v b/ 
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E Matrix elements using the homogeneous vertex op- 
erator representation of the Kac-Moody algebra 5/2 

In the case of the affine algebra si?,, we have the generators 

_ ( 1 \ _ / 1 \ _ / \ 

a \o -1 )' e ^ y ' 7 ^ 1 ) 

and let us choose the following dual bases of 5/2 

{t n a, t n e, t n f, C,D}, and | \t~ n a, t~ n f, t~ n e, D,c\. 

We have 

Q = Za, (a I a) = 2, e(a, a) — e(— a, — a) — — 1, e(a, a) — e(— a, — a) — 1 
(we are using the "gauge fixing" of |L8|, |24] for e(a,j3)). 

Considering q = e a , we identify C [Q] with C [q, g -1 ] . Thus the homogeneous vertex 
operator construction can be described as follows 

L(X ) = C x 1 ,x 2 ,...;q,q~ 1 

d d 

a ( n ) i_» 2- — and a ( ~ n) h-> nx„ for n > 0, a (0) i-> 2g— ; 

<9x n ag 
2 



c !-»• 1, Di -+-\vir) -H nx n^—- 

\ 9 <lJ 3x n 



-i( n ) „—n—l 

where 



E(z) := ^ Et ] z- n - x i-> r±(z) 

neZ 



e 



r±(z) = exp I ±'£z i x j j exp I T 2£ — — I g ±1 ^ ±2 ^c ±Q , (E.l) 

(note that z ±2q £ (q n ) = z ±2n q n ). 

Then, we can make use of the Eqn.( |CTT5|) to compute the matrix elements, viz., 



) |A ) = (E.2) 
I 0, if ££1 a* ^ 

In this way we have two types of operators, T±(z), associated to a and -a respectively 
We should have an even number of F's in Eqn. (|C.15|) in order to have a non zero value 
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for (X \r aN (zN)^a N - 1 ( z N-i)---^ai( z i) |A ); thus we may choose 2N operators, such that N 
operators correspond to a and the remaining N of them correspond to —a. 

We provide some of the matrix components we used in the construction of one-soliton 
and two-soliton solutions of the system NLS. Defining 

+00 +00 
Gi= Yl K n E?\ F l= £ v-E^- (E.4) 

n=— 00 n=— 00 

we can make the correspondence 

Gi — > p l T+ ( Pi ) , Fi — > z/,r_ (^) . (E.5) 



Then 



(A |G^|A ) = (A |F j G i |A )=p i i/ J -(A |r + (p i )r_(i/ J -)|A ) 

[Pi - Vj) 

(Pi -Vjf 

As a special case we compute the following expression 

(A |£lG,|A > = ^-j>dzz Pi {X \T_{z)T + { Pi )\X ) 
^—Pi <fc dz.- — ^2 



2vri J (z- Pi ) 
= Pi, 

where we have used 

E l _ = <fdzzT^(z), 

where integration is over some curve encircling the origin. 

The same method can be used to compute the following matrix element 

(X \E 1 _G 1 F 2 G 2 \X ) = ^-jdzzp 1 v 2 p 2 (X \T_(z)T + (p 1 )T_(v 2 )T + (p 2 )\X ) 

= ^~j dzz P lV2 P2^(+, -)e(+, +)e(+, -)e(~, ~M+, -) 

(P2 - Pi) 2 (^2 - 

(P2 - V2) 2 {y 2 - pi) 2 (p 2 - ^) 2 (pi - zf 

(P2 - Pi) 2 
= P^2P2- T27 72 " 

(P2-^2) xyi-p\) 

The remaining matrix elements can be computed in the same way. We give some of them 
{X \E\G t \X ) = ^-j>dz.z Pi (X \Y_{z)V + { Pi )\X ) 
^—Pi <£ dz - — Z —^, 



2ni J (z- Pi ) 
= Pi 
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/ x i p r f r i > \ - pi V A pipj ( pj ~ pi) & ~ V A 

(Pj-Vj) {Pj-Pi) ifii-Vi) ifii-Vj) 



(K\ E^GiFjGj \X a ) - Pl 3 —-£j — , (E.7) 

[Pj ~ Vj) [Vj - pi) 



(Xo\ElF i \X ) = u i , (E.8) 



(A G | E]_FiGiFj |A Q ) = - 3Pt } 2 J ^T2' ( E - 9 ) 

(Pi - Vj) \ v i ~ Pi) 

These results suggest that a general matrix element could be expressed in terms of 



Vandermonde-like determinants. In fact, recently in [^J there was derived a natural re- 
lationship with the Vandermonde-like determinants. The resulting framework in our case 
may be well-suited to achieve a compactness and transparency in iV-soliton formulas. 

F The contour integration of the matrix elements in 
the case of si 2 

Let us show that the integral 

t 1 La {z-vif ■■■{*- Vn-lf . ^ 

I n = f dz.z— 2 2~> n> 1 (F-l) 



2m J ( z - pi )\..( z - pn y 



is equal to unity. We will prove by induction. 
For n = 1 : 

ii = / dz 7j 

2m J ( z - Pl f 

= 1. 

Assuming that I n = 1 for some n > 1 let us determine the form of I n +i- 
The expression for I n +i can be written as 

I n +i — In + C n , (F-2) 

where 



Id d r . (z- v\f • • • (z - v n -i) 2 



Cn = 77— q 75 f dz.Z- r (p n+ l ~ V n ) 

2mdp x dpn+i J (z - pi) ■ • • (z - p n+1 ) 



2 
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2m dpi dp n+1 

z 



<j> dz (p 2 - V x f (p 3 - V 2 f ■ ■ ■ (Pn+1 - V n )' 



+ 



(z - pi) • • • (z - p n+1 ) 

\tt7> 75 — r dz ^ ~ ' ' ' ( pn+1 ~ Vn ? 

dpi dp 3 dp n+1 J 

z 

+ 



(z - pi) (z - p 3 ) • • • (z - p n+1 ) 
d c) c) c) f 

75 — 75 — 75 75 f dz (P 2 ~ ^ ~~ v *> ' ' ' (P n +i- ~ v ») 

dpi op 2 dp 4 dp n+1 J 

z 



+ • • • + 



(z - pi) (z - p 2 ) (z - p 4 ) ■ ■ ■ (z - p n +i) 

j dz (p 2 - V X f (p 3 - V 2 f ■ ■ ■ (Pn-l ~ (Pn+1 ~ V n )' 



dpi dp n -i dp n+ i 

z 



+ [■ 



d d 



d 



(z - pi) • • • (z - p„_i) (z - p n+ i) dpi dp 4 dp n+ i 

<j> dz (p 4 - u 3 ) 2 • • • (p n+ i - v n f ■ 

z d d d d 

(z - p l )(z - p^ ■ ■ ■ (z - p„+i) dpi dp 3 dp 5 dp n+ i 

dz (p 3 - u 2 f (p 5 - v A f ■ ■ ■ (p n+ i - u n y 



(z - pi) (z - p 3 ) (z-p 5 )---(z- p n+ i) 



+ 



d d 



d d 



dpi dp 3 dp n -i dp n+ i 



dz (p 3 - V 2 f ■ ■ ■ (Pn-l - ^n-2) 2 {pn+1 - V n )' 



■ + 



+ 



d d d 



d 



(z - pi) (z- p 3 ) • • -(z- p n -i) (z - p n+ i) dpi dp 2 dp 5 dp n+ i 



<j> dz (p 2 - vif (p 5 - z/ 4 ) 2 • • • (p n+ i - v n ) 



+ 



d d d 



d d 



dpi dp 2 dp 4 <9p n _i dp n+ i 



(p„+i - v n ) 
d 



(z - pi) (z - p 2 ) (z - p 5 ) • • • (z - p n+ i) 

<j> dz (p 2 - Vif (p 4 - V-i) 2 ■ ■ ■ (Pn-l - Vn-2) 2 ■ 

z 

+ ■■■ + 



+ 



dpi dp n -2 dpn+1 

z 



(Z - pi) (Z - p 2 ) (Z- p 4 ) • • -(z- pn-l) (Z - pn+l) 

d d f 2 2 2 

dz (p 2 -Vi) ■ ■ ■ (pn-2 ~ "ns) [Pn+1 ~ V n ) 



+ 



d d 



(z- pi)---(z- pn-2) (z - pn+i) dpi dp 5 dp 



d / 

f dz (p 5 - 1/4) 

Pn+l J 



d d d 



d d 



/ — v ) 2 - h 

n+1 n (z - Pi) (z - p 5 ) • • • (z - p„+i) dpidp 4 dp 5 dpn-idpn+i 

<j> dz (p 4 - Z/ 3 ) 2 (p 5 - V4) 2 ■ ■ ■ (pn-l - V n - 2 f {pn+l ~ Vnf ' 

z 

(Z - pi) (Z - p 4 ) (Z~p 5 )---(Z- Pn-l) (Z ~ p rl +l) 
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d 



d d 



dpi <9p n _ 3 dp n+1 

z 



i dz (p 2 - h>if ■ ■ ■ (pn-3 - (Pn+1 ~ V n 



(z- pi) • • • - p n _ 3 ) (z - p n+1 ) 
- a f dz (p n+ i - z/, s2 

1 0p n+ i J 



■ + 



dp 



(z - pi) (z - p n+ i) 



(F.3) 



It is easy to show the following: 
i) 

1 f dz z 
2m J (z - pi) (z - p 2 ) 



and ii) 



writing 



with 
A 



dz 



(z-pt)---(z- p n ) 



for n > 2 



[z- p-i) ■ ■ ■ (z- p n ) detA 



z — px z - p 2 



2 - Pr, 



(F.4) 
(F.5) 
(F.6) 



\ 



J2i=l,i^l Pi 

En 
l<i<j<n,i,j^l PiPj 



J2i=l,i^2 Pi 

En 



-E 



l<i<j<k< 



En 
., ! - j- l,^n.i.j.l,-/2PiPiP>- 



En 
±<i<j<n,i,j¥ zn Pi-Pi 

En 
l<i<j<k<n, i,j,kj^n PiPjPk 



\ (-l) n - 1 p 2 P3-Pn 



(-1)" 1 piP3P4---Pn 



-1) PlP2—Pn-\ J 

(F.7) 



Ajj denotes the cofactor of the element Ajj. Let us note that, multiplying by Y%=iPi the 
first row and adding to the second row of the matrix A, the det A and the cofators A n ^ do 
not change; then ( F.6|) , can be written as 



1 



(z - pi) ■ ■ ■ (z - p n ) detd 



B n ,i B n< 2 B n.ii 



Z - pi Z - p 2 



Z - Pr 



(F.8) 



where det A = det d and Aij = Bij, Bij are the cofactors of the matrix elements dij. It is 
easy to realize that the matrix d has d2,i = p% as the elements of the second row. Then the 
contour integration of the relevant terms of (|F.8|) is 



1 



dz- 



1 



2m / [z — pi) ... (z — p n ) detd 
We know that 

n 



[p\Bn t l + P2-Bn,2 + * ' * + PnB n ,n} ■ 
, l^k 



i=l 
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and therefore, we can conclude 

dz l T^—, 7 = °, for n > 2 (F.9) 

{z- pi)-- - (z-pn) 

Thus, the last term of C n vanishes due to ( |F.4| ) and the remaining terms vanish because 
of QF.5|). Then C n = for n > 1, and the Eqn.(F73) becomes 



In+l = In, n> 1, 

this shows that 

L = l n > 1. 
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